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Longitudinal Medical Images: repeated scanning of the same patient over time
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Temporal Sparsity

Unlike videos (many frames per
second), these longitudinal images are
separated by weeks, months or years.

Sampling Irregularity
Irregularly sampled over time for the
same patient, and different sampling
schedules among patients.

Spatial Misalignment
Almost never spatially aligned.
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Feature Extraction

/“

Existing Problem Formulations: feature-level trajectory inference

Trajectory Inference

Interpretation

Features

Area=7?
Circumference = ?
Long axis length = ?

In N years’ time,
atrophy is likely to

Short axis length = ?

grow to an area of

Eccentricity = ? XXX em?, with a
Distance to 0.D. = ? circumference of
. i H YYY cm, ...
{xli o ] xm}' {tll sy tm} ) 5 Feature
e : : ! Time
" &[ Many subtle features are lost in this stage. ] b & bm &[ Only selected features are available. ]
- J
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Medical Image(s)

Directly Using Images

Our Problem Formulation: image-level trajectory inference

Trajectory Inference Interpretation

In N years' time, atrophy is likely to h
ﬁ§ grow to an area of XXX cm?, with a
v circumference of YYY cm, ... )
& &
' 43 5
7 In N years’ time,
the atrophy will
( See Methods section for details. ) look like this. )

—_—

(R

No loss of information in this stage.

Image representation provides

) @|

richer information.

l

Fig. 1. Advantages of image-level trajectory inference.
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Neural ODE Residual Network ODE Network
5 _
dy(7) 4 |
= fo(y(7),7)  (la) |
dT 53 i
t1 §2 |
y(t1) = y(to) + [ fo(y(r),7)dr (1b) '
to 1 * b
. . . . 0——s 0 5 0=5 0 5
Parameterize the continuous dynamics of hidden Input/Hidden/Output Input/Hidden/Output

units using an ordinary differential equation (ODE)

specified by a neural network Figure 1: Left: A Residual network defines a

discrete sequence of finite transformations.
Right: A ODE network defines a vector

y(tl) — ODESolve(f(y(t), t, 9)7 y(to), to, tl) field, which continuously transforms the state.

Both: Circles represent evaluation locations.

Chen, Ricky TQ, Yulia Rubanova, Jesse Bettencourt, and David K. Duvenaud. "Neural ordinary differential equations." Advances in neural information processing systems 31 (2018).
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Neural ODE
L(z(t))) = L (z(to) + / | f(z(t),t,B)dt) — L (ODESolve(z(ty), f. to, t1,0))

to

adjoint sensitivity method

AT
> da(t) _ 70 (a(t).1,0)
g \ o) dt a(?) 0z
#(to) i) State t
L 0 0
‘ ) Adjoint State 3—9 = — /t | a(t)Taf(ZS;’t’ )dt

altp) :
I ® v oL a N)
L
- + Oz(tis1)
dz(to) | a(t;) * L
||rf’/_\tN]

to ti it tn

Chen, Ricky TQ, Yulia Rubanova, Jesse Bettencourt, and David K. Duvenaud. "Neural ordinary differential equations." Advances in neural information processing systems 31 (2018).



ImageFlowNet

Neural SDE

dXt — f(ta Xt) dt + g(t7 Xt) O tha

f(t, X;)dt - deterministic term

g(t, X;) o dW, - stochastic term

Kidger, Patrick, James Faoster, Xuechen Li, and Terry J. Lyons. "Neural sdes as infinite-dimensional gans." In International conference on machine learning, pp. 5453-5463. PMLR, 2021.
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Methods (1/3): ImageFlowNet predicts future image from earlier
Image and time gap, by learning a vector field of latent features.

(A)

Model Input

(B)
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Methods (2/3): The latent features are flowed with ODE or SDE.

(A)

Model Input

(B)

tj
ODE: Z;, = 7, + f fo(z,)dt
t

tj tj
SDE: Z, = z;, + f fo(z;)dT +f oy (T)dW;
t; t;
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Methods (3/3): Loss components affect different modules.

A c
(A) x % (©)

visual features smoothness
loss = 1, + Ay, + Aol + Al

reconstruction contrastive

Natural Progression

............................................................................

Modules :
Affected

1= 0 ((5))| 2

Loss Component

Model Input

(B)

A Ao, Ag: weighting coefficients
7 -{P
L

MSE: pixel-level mean-squared error

D.,s: cosine distance of vectors

L
ODE: Z;, =7z, + | fo(z,)dr
ti

L tj
SDE: z’E; =z + f fo(z,)dt +[ og (T)dW;
t; t

i

e(:): a pre-trained vision encoder
ODE: ordinary differential equation

SDE: stochastic differential equation
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Loss components

c l»: reconstruction 9 Ly visual feature

N

A

N
”~

: g 2y e(£) e(a;)
053 = g 2o o S l6thwd - mihvmelf+n (- EShEe )

heH weW celC

o l .: contrastive learning (SimSiam)

, - ~ o l g: trajectory smoothness
, T : L N
Pd\Pj=t; Pji\zt; Pd\Pj %t Pj\=t;
+Ac ( .7( )) .7( _]) ( .7( ])) .7( ) + A3||f9||§

2[lpa(p; (2¢,))ll2llps (ze) 12 2[lpa(ps(2e;))ll2lps (2,) |2

9 Contrastive learning regularization organizes a well-
structured ImageFlowNet latent space, by encouraging prox-

0 Image reconstruction objective is achieved by a MSE imity of representations from images within the same longi-
loss, attending to low-level features on the pixel level. tudinal series, following the SimSiam formulation [16].

9 Visual feature regularization guides the network to @ Trajectory smoothness regularization leverages a theo-
produce images that resemble the ground truth on high-level rem in convex optimization (Lemma 2.2 in [17]) to enforce

smoothness of trajectories by regularizing the norm of the
field. Notably, this achieves Lipschitz continuity, satisfying a
crucial assumption for our theoretical results.

features judged by an encoder pretrained on ImageNet [15].
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Flowed latent features are collected hierarchically to form an image.

(b) L
dzT — féb)(z(b)) forb € [1,B] (3a) zt(j’) = ztfb) +/ fg(b)(zq(rb))d’f forbe [1,B] (3b)
T .

T = ResBlock(Concat(E,Ef), zg))), where "
Eg’) — Upsample(ResBlock(Concat(ESH), zt(f)))) for b € [2, B — 1], with Ei(f) = zt(f )
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NOTE: We used a novel ODE formulation,
which we call a position-parameterized ODE.

d dz"”
W) = foly(r)y) = ()

Standard ODE Our ODE
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Change of variable to make the comparison more obvious.

dz® 4z b
; = egb)(ng)m) i é)(zg’))

Standard ODE Our ODE
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Why the position-parameterized ODE.

A bigger field to learn A more compact field

(b) (b)
dzz” _ 20,0 der” _ (b)(z(b))
- fQ (z'r 77-) d — JO T
dr T
Parameterization by “time” Parameterization by “position”
R i
NN = 7
= NNNNNN N~ s A
IR NN YAV
T Vo bt
- . =" bbb vy
Xi P Y L A __*'%
RN RSt
I E AN AN
— KKK F 55 e WX
VT Lt S N

KWK FH oK
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Why the position-parameterized ODE.

A more compact field

A bigger field to learn
gg (b)

d'.(vb) dzr b
dZT _ éb)(ng),,r) = 9()(21(})))

’ Parameterization by “position”

Parameterization by “time’

A certain disease state
regardless of the time
from disease onset.

A patient at a given “time”’,
where “time” is the time from
disease onsel.

Xi — x]'

VAt o NS NAN
Vb o S SN
VRt e NN
KK E K& WOR
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Theoretical Results (1/2)

Equivalent Expressiveness of our ODE and standard ODE.

Proposition IV.1. Let fy be a continuous function that satisfies the Lipschitz
continuity and linear growth conditions. Also, let the initial state y(ty) = yo
satisfy the finite second moment requirement. Suppose z(ty) is the latent
representation learned by ImageFlowNet in the initial state corresponding
to tg. Then, our neural ODEs are at least as expressive as the original
neural ODEs, and their solutions capture the same dynamics.
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Theoretical Results (2/2)

Connection between ImageFlowNet and dynamic optimal transport.

Proposition IV.2. If we consider an image as a distribution over a 2D grid,
ImageFlowNet is equivalently solving a dynamic optimal transport problem,
as it meets 3 essential criteria: (1) matching the density, (2) smoothing the
dynamics, and (3) minimizing the transport cost, where the ground distance
is the Euclidean distance in the latent joint embedding space.
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Empirical Results (1/3): Future Image Forecasting Performance

?.ata;eei?r:\al geographic atrophy g @ Eé @ W @; & Ba
a. 2-5years = .........
b. <24 month gap o R

2. Brain multiple sclerosis E
a. ~byears 0w ..........
b. ~4.4time points per person .. B

3. Brain glioblastoma ''''' ....-.-
a. <bdyears

b. 2-18 time points per person ========

o NE" J y ) J
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Ground Truth Input Linear Cubic Spline T-UNet T-Diffusion  ImageFlowNetope ImageFlowNetooe++ ImageFlowNetsoe ImageFlowNetspe++
- Xi % % %j % % 9 % %
PSNR / SSIM 20.09/0.572 18.72 / 0.540 18.72/0.540 19.15 /0.550 19.76 1 0.543 20.2710.539 21.56/0.587 21.27/0.558 21.98/0.597

MAE / MSE 0.156 /0.039 0.17710.054 0.17710.054 0.168/0.049 0.130/0.026 0.137/0.029 0.131/0.028 0.139/0.030 0.125/0.025
Residual
Map
DSC/HD 810/7.28 ) 0.848/7.00 0902/539 i / 6.32
Disease '
Region |
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Table 1: Image forecasting performance: metric(z;, Z;).

fj — F(wi,ti,tj),‘v’i <7J.

TExtrapolation methods use the entire history. “++” means using the 3 regularizations in Eqn (6).

Dataset Metric Lincar* Cubic Splirl(:Jr T-UNet T-Diffusion ImageFlowNetopg ImageFlowNetopg++  ImageFlowNetspg ImageFlowNetgpg ++
[24] [25] [33] [28] (ours) (ours) (ours) (ours)
Retinal PSNR 1  20.22+0.00 19.79+ 0.00 22.06+ 033 22.29+0.33 22.63+0.26 22.74+0.25 22.32+0.29 22.89-+0.28
Images SSIMT  0.535+0000  0.505+ 0.000 0.635+ 0015 0.624+0016 0.646+0.012 0.647+ 0013 0.651-+- 0015 0.651-- 0012
all MAE | 0.163+0000 0.177+ 0.000 0.1264+0.005 0.122+0004  0.1194 0.004 0.118- 0.004 0.124+ 0.005 0.115+ 0.004
cases MSE | 0.050-+ 0000  0.060-+ 0.000 0.029+ 0002  0.027+0002 0.024+ 0.001 0.024 -+ 0.001 0.027+ 0.002 0.023-+ 0.001
1 DSC1t 0.833+0.000 0.756+ 0.000 0.87240.012 0.867+0014 0.874+0.012 0.873+ 0.011 0.885+ 0.011 0.883+ 0.012
HD| 51.64+000 54.30+ 0.00 44,59+ 4.66 44,41+ 474 42.68+ 432 47.10+ 489 48.14-+ 487 45.14+ 4.89
minor PSNR 1  21.36+0.00 21.08+ 0.00 22.56+ 0.55 22.99+ 055 23.23+0.34 2344+ 033 23.28+ 036 23.63-- 043
atrophy SSIM 1t 0.599-+ 0000  0.586+ 0.000 0.662+ 0023  0.657+0024 0.682+ 0.018 0.685-+0.018 0.693 - 0.018 0.687-+ 0.019
growth MAE| 0.141+0000 0.147+ 0.000 0.121+ 0007 0.114+0007 0.110+ 0.005 0.108 -+ 0.004 0.109-+ 0.005 0.106-- 0.005
2 MSE | 0.038+0000 0.042+ 0.000 0.027+0.003  0.024+0.002  0.021+ 0.002 0.020-+ 0.002 0.021+ 0.002 0.020- 0.002
DSC?T  0.900+0000  0.874+ 0.000 0.949-+ 0004 09490004  0.936-+ 0.009 0.939+ 0.007 0.948-+ 0.005 0.948-+ 0.006
HD| 38.15+000 41.67+ 0.00 35.74+ 5.67 29.40+ 4.77 34.59+6.20 39.86+ 6.40 31.66+ 521 36.98-+- 6.04
major PSNR 1t 19.02-+0.00 18.41+ 0.00 21.40-+ 033 21.68+ 0.32 21.94+ 0.34 22.01+033 22.01+ 030 22,10+ 031
atrophy SSIM 1 0.468+ 0000  0.420+ 0.000 0.607+0.017 0.588+0.017 0.607+ 0.014 0.606-+ 0.014 0.607+ 0.014 0.613+ 0.013
growth MAE | 0.186+0000  0.210+ 0.000 0.1354+ 0006 0.131+0006 0.129+ 0.006 0.129-+ 0.006 0.128-+ 0.005 0.126-+ 0.005
3 MSE | 0.063+0000  0.080+ 0.000 0.032+0.003  0.030+0002  0.028+ 0.002 0.028+ 0.002 0.027 -+ 0.002 0.027+ 0.002
DSC1t 0.762+0000  0.631+ 0.000 0.784+0.016 0.779+0019 0.807+0.014 0.803-+ 0012 0.817-+ 0.016 0.814-+ 0.017
HD|] 65.97+000 67.73+ 0.00 61.434 7.26 60.36-+ 7.37 51.28+7.13 54.79+7.19 65.65+ 7.17 53.81+7.49
Brain PSNR 1  30.07-+0.00 29.56+ 0.00 31.55+0.20 31.57+023 32.01+0.19 32.34+0.20 32.40-+ 020 32.41+0.20
MS SSIM+  0.895+0000 0.888+0000  0.909+0003 0.907+0003 0.914+ 0.002 0.915+ 0.002 0.913+ 0.002 0.915+ 0.002
Images MAE | 0.028+0000  0.030-+ 0.000 0.024+ 0000 0.024+0001  0.023+ 0.000 0.021 -+ 0.000 0.021 -+ 0.000 0.021 -+ 0.000
4 MSE | 0.004+ 0000  0.005-+ 0.000 0.004+ 0000 0.004+ 0000  0.003- 0.000 0.003-- 0.000 0.003-- 0.000 0.003-- 0.000
DSC1t  0.739+0000  0.682+ 0.000 0.774+0.007 0.771+0007 0.775+ 0.007 0.777 + 0.007 0.777+ 0.007 0.774+ 0.007
HD | 22.73+0.00 26.23+0.00 22.00+ 1.30 2091+ 123 22.38+1.28 21.724+1.16 22.21+ 1.27 21.28+ 1.27
Brain PSNR 1 35.32+0.00 33.60+ 0.00 35.73+0.13 35.49+0.17 35.86+0.12 3590+ 0.14 35.77+0.12 35.79+ 0.15
GBM SSIM1  0.929+0000  0.895-+ 0.000 0.935+ 0001  0.940+ 0001  0.940+ 0.001 0.943+ 0.001 0.9374 0.001 0.939+ 0.001
Images MAE | 0.017+0000  0.024+ 0.000 0.015+ 0000  0.014+-0000  0.014-+ 0.000 0.014 -+ 0.000 0.015+ 0.000 0.015- 0.000
5 MSE | 0.002+ 0000  0.005+ 0.000 0.001+ 0000  0.002+ 0000  0.001-+ 0.000 0.001 -+ 0.000 0.001-+ 0.000 0.001-+ 0.000
DSC1T  0.300+0.000  0.287+ 0.000 0.258+0.018 0.253+0017  0.302+ 0.019 0.266-+ 0.018 0.286-+ 0.019 0.287+ 0.017
HD| 170.44+000 165.62+ 0.00 195.52+ 769 189.61+764 198.19+7.78 185.14+7.69 196.37+ 7.74 181.66-+ 7.66
1,4,5 Rank | 6.3+ 15 7.3+20 49414 4.6+ 19 2.9+19 2.3+16 34:20 21+13
1,2,3,4,5 Rank| 6.5:13 7.6+15 49+ 15 4.5+ 138 3.1+16 2.7+17 3.0+138 2.0+12
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Empirical Results (2/3): Latent Space Regularization
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Figure 4: Joint representation space and the effect of contrastive learning regularization. Red dots are
the observed disease states and arrows connect adjacent transitions. Normalized time is color coded.
(A) Without regularization (A. = 0). (B) With contrastive learning regularization (A, = 0.01).
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Empirical Results (3/3): Test-Time Optimization
(Using the entire history to locally fine-tune the vector field)

Table 2: Effect of test-time optimization.
Iterations Learning Rate PSNR?T SSIMt MAE| MSE| DSCt HDJ

N/A N/A 22.31 0643 0.123 0.027 0.827 51.07
1 104 22.52 0.646 0.120 0.025 0.829 48.97
1 10~° 22.36 0.643 0.122 0.027 0.827 51.02
1 10—¢ 22.31 0643 0.123 0.027 0.827 51.07
10 10— 20.63 0.605 0.157 0.042 0.749 64.79
10 1075 22.59 0646 0.119 0.025 0.829 4992
10 1076 22.36 0644 0.122 0.027 0.827 51.01
100 10— 19.63 0571  0.177 0.056 0.726 70.12
100 10—° 20.92 0.614 0.152 0.040 0.759 58.76

100 1076 22.61 0646 0.119 0.025 0.829 49.74
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Ablation

TABLE II TABLE III

FLOW FIELD FORMULATION. LATENT REPRESENTATION.
PSNRT SSIMT MAE| MSE| DSCt HDJ| PSNRt SSIMt MAE| MSE| DSCt HDJ|
fo(ze,t) 22.42 0.643 0.123 0.027 0.872 48.38 bottleneck only 22.33 0.639 0.122 0.026  0.850 48.13
fo(zt) 22.63 0.646 0.119 0.024 0.874 42.68 all unique resolutions 22.49 0.643 0.122 0.025 0.859 43.39
all unique layers 22.63 0.646 0.119 0.024 0.874 42.68

TABLE IV
VISUAL FEATURE REGULARIZATION.

X PSNRT SSIMf MAE| MSE| DSCt HDJ

0 22.63 0.646 0.119 0.024 0.874 42.68
0.001 22.65 0.658 0.118 0.024 0.872 44.27
0.01 22.64 0.650 0.120 0.025 0.872 45.89
0.1 22.57 0.647 0.120 0.025 0.869 50.69
1 22.54 0.634 0.124 0.027  0.867 48.13

TABLE V TABLE VI
CONTRASTIVE REGULARIZATION.  SMOOTHNESS REGULARIZATION.

Ac PSNRT SSIMT MAE| MSE| DSCt HDJ As PSNRT SSIMT MAE| MSE| DSCt HDJ
0 22.63 0.646 0.119 0.024 0.874 42.68 0 22.63 0.646 0.119 0.024 0874 42.68
0.001 22.63 0.646 0.119 0.025 0.872 46.23 0.001 22.38 0.649 0.123 0.027 0870 46.91
0.01 22.65 0.652 0.118 0.024 0.875 42.18 0.01 22.65 0.648 0.119 0.024 0870 45.71
0.1 22.38 0.651 0.121 0.025 0.871 45.30 0.1 22.70 0.657 0.118 0.024 0878 4744

1 22.25 0.644 0.121 0.025 0.868  46.85 1 22.69 0.655 0.118 0.024 0875 45.16
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